We generalize the notions of dual pair and polarity introduced by S. Lie (1890) and A. Weinstein (1983) in order to accommodate very relevant situations where the application of these ideas is desirable. The new notion of polarity is designed to deal with the loss of smoothness caused by the presence of singularities that are encountered in many problems in Poisson and symplectic geometry. We study in detail the relation between the newly introduced dual pairs, the quantum notion of Howe pair, and the symplectic leaf correspondence of Poisson manifolds in duality. The dual pairs arising in the context of symmetric Poisson manifolds are treated with special attention. We show that in this case and under very reasonable hypotheses we obtain a particularly well behaved kind of dual pairs that we call von Neumann pairs. Some of the ideas that we present in this paper shed some light on the optimal momentum maps introduced in
Introduction
The notion of dual pair, introduced by A. Weinstein in [43] , is of central importance in the context of Poisson geometry. Let (M, ω) be a symplectic manifold, (P 1 , {· , ·} P 1 ) and (P 2 , {· , ·} P 2 ) be two Poisson (P 1 , {· , ·} P 1 ) ( P 2 , {· , ·} P 2 )
is called a dual pair if the Poisson subalgebras π * 1 C ∞ (P 1 ) and π * 2 C ∞ (P 2 ) centralize each other with respect to the Poisson structure in M associated to the symplectic form ω. This notion has its origins in the study of group representations arising in quantum mechanics. In this direction, we have the works of Howe [9] , Kashiwara and Vergne [13] , Sternberg and Wolf [40] , and Jakobsen and Vergne [10] , which justify why we will refer to the previously defined dual pairs as Howe pairs.
Already in 1890, S. Lie (see [19] and Section 7 in [43] ) devised a method to construct Howe pairs using the notion of polarity, that we briefly describe: let D be an integrable regular distribution on the symplectic manifold (M, ω) that is everywhere the span of locally Hamiltonian vector fields. Under these circumstances the space of leaves M/D is a Poisson manifold and the canonical projection π D : M → M/D is a Poisson surjective submersion [23] . Let The geometries underlying two Poisson manifolds forming a Lie-Weinstein pair are very closely related. For instance, if the fibers of the submersions π 1 and π 2 are connected, the symplectic leaves of P 1 and P 2 are in bijection [2, 14, 43] and, for any m ∈ M, the transverse Poisson structures on P 1 and P 2 at π 1 (m) and π 2 (m), respectively, are anti-isomorphic [43] .
Apart from the already mentioned studies on representation theory, dual pairs occur profusely in finite and infinite dimensional classical mechanics (see for instance [24, 25] , and references therein). Another intimately related concept that we will not treat in our study is that of the Morita equivalence of two Poisson manifolds [27, 44] . Nice presentations of the classical theory of dual pairs can be found in [3] and in [17] .
In this paper we will pay special attention to the dual pairs that appear in the reduction of Poisson symmetric systems. We introduce this situation with a very simple example: let (M, ω) be a symplectic manifold and G be a Lie group acting freely, canonically, and properly on M. Suppose that this action has a momentum map J : M → g * associated. If we denote by g the name of strong Morita equivalence, we are sure that the same can be achieved for the ideas that we present in the following pages. The paper is structured as follows: Section 2 introduces some mathematical prerequisites that will be needed later on in the paper but, most importantly, introduces some non-standard terminology that will be strongly used in the exposition. The reader should pay special attention to Definition 2.6 and the conventions in Section 2.3. The main concepts of the paper are presented in Section 3. More specifically, Definitions 3.1 and 3.3 introduce the notions of polarity and dual pair, and Definition 3.9 that of von Neumann pseudogroup and von Neumann pair. Section 4 studies the correspondence between the symplectic leaves of two Poisson varieties in duality and Section 5 the relation between the duality introduced in Definition 3.3 and Howe's condition. In Section 6 we show that Hamiltonian subgroups (in the sense of Definition 2.6) are very useful at the time of constructing dual and Howe pairs. Section 7 studies the von Neumann pairs constructed using canonical Lie group actions. The main results in this section are Theorems 7.2 and 7.6 that show that proper canonical Hamiltonian Lie group actions on a Poisson manifold and compact connected Lie group symplectic actions subjected to a coisotropy condition induce von Neumann pairs. In Theorem 7.9 we obtain more von Neumann pairs out of tubewise Hamiltonian symplectic Lie group actions. Finally, Appendix A provides a quick summary of the normal form results in [31] that are needed in some of the proofs in the paper.
Technical preliminaries and notation
In the following paragraphs we briefly introduce the notation and technical results that we will be using throughout the paper. The expert should be aware that some of the terminology that we use is not standard. We encourage the reader to pay special attention to Definition 2.6 and to the conventions in Section 2.3.
Let M be a smooth manifold. A transformation group T of M is a subgroup of the diffeomorphisms group Diff(M) of M. The orbit T · m under T of any element m ∈ M is defined as the set T · m := {F (m) | F ∈ T }. The relation being in the same T -orbit is an equivalence relation and induces a partition of M into T -orbits. The space of T -orbits will be denoted by the quotient M/T . Let Diff L (M) be the monoid (set with an associative operation which contains a two-sided identity element) of local diffeomorphisms of M. More explicitly, the elements of Diff L (M) are diffeomorphisms
F : Dom(F ) ⊂ M → F (Dom(F )) of an open subset Dom(F ) ⊂ M onto its image F (Dom(F )) ⊂ M.
We will denote the elements of Diff L (M) as pairs (F, Dom(F )). These local diffeomorphisms can be composed using the binary operation defined as
for all (G, Dom(G)), (F, Dom(F )) ∈ Diff L (M). It is easy to see that this operation is associative and has (I, M), the identity map of M, as (unique) two sided identity element, which makes Diff L (M) into a monoid. Notice that only the elements sitting in Diff(M) ⊂ Diff L (M) have an inverse since, in general, for any (F, Dom(F )) ∈ Diff L (M), we have that
3) F, Dom(F ) · F −1 , F Dom(F ) = I| F (Dom(F )) , F Dom(F ) .
Consequently, the only way to obtain the identity element (I, M) out of the composition of F with its inverse is having Dom(F ) = M. It follows from this argument that Diff(M) is the biggest subgroup contained in the monoid Diff L (M), with respect to the composition law (2.1). In the sequel we will frequently encounter submonoids T L of Diff L (M) that contain the global identity element (I, M) and that satisfy the following property: for any F : Dom(F ) → F (Dom(F )) in T L there exists another element F −1 : F (Dom(F )) → Dom(F ) also in T L that satisfies the identities (2.2) and (2.3). Such submonoids will be referred to as pseudogroups of Diff L (M) . The importance of these pseudogroups is that they have an orbit space associated. Indeed, if T L is a pseudogroup we define the orbit T L · m under T L of any element m ∈ M as the set T L · m := {F (m) | F ∈ T L , m ∈ Dom(F )}. T L being a pseudogroup implies that the relation being in the same T L -orbit is an equivalence relation and induces a partition of M into T L -orbits. The space of T L -orbits will be denoted by M/T L . Definition 2.1. Let M be a smooth manifold and T L be one of its transformation pseudogroups. In the sequel we will use the following terminology:
• T L is integrable when its orbits are initial submanifolds of M, that is, if N is an orbit of T L and i : N → M is the canonical injection then, for any manifold Z, a mapping f :
• Finally, we say that
If (M, {· , ·}) is a Poisson manifold, we will denote by P(M) the group of Poisson automorphisms of M and by P L (M) the pseudogroup of local Poisson diffeomorphisms of M. One of the main ingredients of our work in this paper will be the (finite or infinite-dimensional) subgroups and pseudosubgroups of P(M) and P L (M), respectively, many of which will be obtained out of integrable generalized distributions on M. The following paragraphs review their construction.
Generalized distributions
We quickly review some well known facts about generalized distributions defined by families of vector fields. The standard references for this topic are [38, 39] , and [41] . We will follow the notation of [20] .
Let M be a manifold and D be an everywhere defined family of vector fields. By everywhere defined we mean that for every m ∈ M there exists X ∈ D such that m ∈ Dom(X). The domains Dom(X) ⊂ M, X ∈ D, will be taken open in M. Let D be the generalized distribution on M constructed by association, to any point z ∈ M, the subspace D(z) of T z M given by
We will say that D is the generalized distribution spanned by D. Note that the dimension of D may not be constant; the dimension of D(z) is called the rank of the distribution D at z. Any distribution defined in this way is smooth in the sense that for any z ∈ M and any v ∈ D(z) there is a smooth vector field X tangent to D defined in a neighborhood of z and such that X(z) = v. An immersed connected submanifold N of M is said to be an integral submanifold of the distribution D if, for every z ∈ N ,
an integral manifold everywhere of maximal dimension such that any other integral submanifold of D, which is everywhere of maximal dimension and contains N , is equal to N . The generalized distribution D is said to be integrable if, for every point z ∈ M, there exists a maximal integral submanifold of D which contains z. This submanifold is usually referred to as the leaf through z of the distribution D. The leaves of an integrable distribution are initial submanifolds of M [26] .
When the distribution D generated by the family of vector fields D is integrable, a very useful characterization of its integral manifolds can be given. In order to describe it we introduce some terminology following [20] .
Let X be a vector field defined on an open subset Dom(X) of M and F t be its flow. For any fixed t ∈ R the domain Dom(
If Y is a second vector field defined on the open set Dom(Y ) with flow G t we can consider, for two fixed values t 1 , t 2 ∈ R, the composition of the two diffeomorphisms
) (which may be empty). The previous prescription allows us to inductively define the composition of an arbitrary number of locally defined flows. We will obviously be interested in the flows associated to the vector fields in D that define the distribution D. The following sentences describe some important conventions that we will use all over the paper. Let k ∈ N, k > 0, be an integer, X be an ordered family X = (X 1 , . . . , X k ) of k elements of D, and T be a k-tuple T = (t 1 , . . . , t k ) ∈ R k such that F i t denotes the (locally defined) flow of X i , i ∈ {1, . . . , k}, t i . We will denote by F T the locally defined diffeomorphism
constructed using the above given prescription. Any local diffeomorphism from an open subset of M onto another open subset of M of the form F T is said to be generated by the family D. It can be proven that the composition of local diffeomorphisms generated by D and the inverses of local diffeomorphisms generated by D are themselves local diffeomorphisms generated by D [20, Proposition 3.3, Appendix 3] . In other words, the local diffeomorphisms generated by D form a pseudogroup of Diff L (M) that we will denote by G D . For any point x ∈ M, the symbol G D · x will denote the G D -orbit going through the point x ∈ M and M/G D the space of G D -orbits. In some occasions and in order to emphasize the local nature of the elements of G D ⊂ Diff L (M) we will write them as pairs of the form (F T , Dom(F T )). 
( Proof. See [38, 39, 41] . For a compact presentation combine Theorems 3.9 and 3.10 in the Appendix 3 of [20] . ✷ Notation. In the sequel, we will use a notation consistent with the symbols just introduced: the calligraphic type D will denote a family of vector fields, the roman D will be the associated distribution, and G D will be the pseudogroup of local diffeomorphisms of M. [20] ) and the fact that by Theorem 2.2 these are given by the pseudogroup orbits, we have that for any •
• The distribution D has the extension property when the pseudogroup G D has it.
• Finally, we say that (i) The subgroup A is strongly Hamiltonian when every element g ∈ A can be written as g = F
Subgroups and pseudosubgroups of the Poisson automorphisms group
the flow of a Hamiltonian vector field X h i associated to a function
The subgroup A is weakly Hamiltonian when for every element g ∈ A and any m ∈ M we can write
the flow of a Hamiltonian vector field
The subgroup A is tubewise strongly (resp. weakly) Hamiltonian when for every element g ∈ A and any m ∈ M there is an A-invariant neighborhood U of m such that we can write g = F 
Then, A G is a Hamiltonian subgroup of P(M). Indeed, by the connectedness of A, every element g ∈ G can be written as g = exp ξ 1 · · · exp ξ n , with ξ i ∈ g in the Lie algebra g of G. Consequently, . With these remarks at hand it is easy to see that A S 1 is weakly Hamiltonian, tubewise strongly Hamiltonian, but not strongly Hamiltonian.
Remark 2.9. In Sections 7 and A.3 we will study in detail some conditions under which the subgroups of the Poisson automorphism group of a manifold induced by a Lie group action are weakly and tubewise Hamiltonian. For instance, the weakly Hamiltonian character of the previous example is a corollary of one of the results that we will present (Theorem 7.6).
As we already said, in many cases we will deal with pseudogroups of P L (M) obtained out of integrable distributions. The following result, whose proof is a straightforward corollary of Proposition 10.3 in p. 121 of [20] , characterizes the integrable distributions whose associated pseudogroup of local diffeomorphisms lies in P L (M). 
The integrable distributions that fall in the category described in the previous proposition will be called Poisson distributions. This denomination is sometimes used [23, 30] to refer to distributions that satisfy
Poisson distributions always have this property but the converse is in general not true.
Smooth functions and Poisson structures in quotient spaces
, where X is a topological space and
is a subalgebra of the algebra of continuous functions in X, is called a variety with smooth functions
, if Y is a topological space endowed with the relative topology defined by that of X and 
In our discussion we will be interested in the varieties obtained as the space of orbits of the action of a pseudogroup A of the local diffeomorphisms group Diff L (M) of a smooth manifold M; this space will be denoted by M/A and we will consider it as a topological space endowed with the quotient topology. The pair (M/A, C ∞ (M/A)) is a variety whose algebra of smooth functions C ∞ (M/A) is defined by the requirement that the canonical projection π A : M → M/A is a smooth map, that is, 
However, we can also think of U/A as a subvariety of M/A. In that case we will denote it as
We have the inclusion
Notational convention. In all that follows and unless it is indicated otherwise we will consider the quotients of the form U/A as varieties
If M happens to be a Poisson manifold with bracket {· , ·}, and
is a well-defined Poisson algebra (also referred to as Poisson variety), with bracket {· , ·} M/A given by
can be endowed with a Poisson variety structure by defining a Poisson bracket on
The term Poisson variety is also encountered in the context of the algebraic geometric treatment of integrable systems. See for instance [42] . This concept does not in general coincide with ours.
Dual pairs

Polarity and dual pairs
We now introduce the notion of polarity, which we will use to give our definition of dual pair. All along this section we will be working on a smooth Poisson manifold (M, {· , ·}). 
The distribution A associated to the family A will be called the polar distribution defined by A (or equivalently the polar of A). Any generating family of vector fields for A will be called a polar family of A. The family A will be called the standard polar family of A. A pseudogroup of local Poisson diffeomorphisms associated to any polar family of A will be referred to as a polar pseudogroup induced by A. The polar pseudogroup G A ⊂ P L (M) induced by the standard polar family A will be called the standard polar pseudogroup.
Remark 3.2.
If the pseudosubgroup A has the extension property, there is a simpler polar family, we will call it A ext , that can be used to generate A , namely 
is a dual pair on (M, {· , ·}) when the polar distributions A and B are integrable and they satisfy that Now, since D has the extension property, the polar distribution G D is generated by the family of globally defined vector fields (see Remark 3.2)
At the same time, since the projection π D is a surjective submersion we have that (ker T m π D )
as required. We emphasize that, as we will see in Example 7.8, the regularity of D does not imply that of its polar
Example 3.7 (Lie-Weinstein dual pairs with connected fibers). Let
be a Lie-Weinstein dual pair, that is, π 1 and π 2 are surjective Poisson submersions such that the distributions ker T π 1 and ker T π 2 are symplectically orthogonal. We will show that if we assume that π 1 and π 2 have connected fibers then, we can realize the diagram (P 1 , {· ,
as a dual pair in the sense of Definition 3.3. Indeed, notice that since π 1 and π 2 are surjective submersions then:
where the symbol (ker T m π 1 )
• denotes the annihilator of ker T m π 1 in T * m M. These equalities are easy to prove just by taking the local projection coordinates associated to the submersions π 1 and π 2 . Now, if B is the (non-degenerate) Poisson tensor associated to (M, ω) and B : T * M → T M is the vector bundle map associated to it, we can write:
Let A and B be the families of vector fields on M given by
and A and B be the associated distributions that, as a consequence of the relations (3.5) and (3.6), are guaranteed to be integrable since the level sets of π 1 and π 2 integrate them. Moreover, the connectedness hypotheses on the fibers of π 1 and π 2 allow us to make the natural identifications:
Using these identifications we can rewrite the Lie-Weinstein dual pair (P 1 , {· ,
which, as a corollary of the previous example, is a dual pair in our sense. Indeed, since A = ker T π 1 is a regular integrable distribution, Example 3.5 guarantees that
As we show in the next proposition the notion of polarity is particularly well behaved when it is associated to a subgroup A of P(M) of the Poisson diffeomorphism group. 
Proposition 3.8. Let (M, {· , ·}) be a Poisson manifold, A ⊂ P(M) be a subgroup of its Poisson diffeomorphism group, A be the associated polar distribution, and G
For the sake of simplicity in the presentation we will take (F T , Dom(F T )) to be the flow (F t , Dom(F t )) of X h , with h ∈ C ∞ (U ) A and U and open A-invariant subset of M. Using the A-invariance of h and the Poisson character of φ it is easy to see that
The chain rule and expression (3.7) show that for any z ∈ Dom(F t )
The uniqueness of the flow of a vector field implies that φ(Dom(F t )) ⊂ Dom(F t ). Since φ ∈ A is arbitrary, we also have that φ
which guarantees the commutation relation in the statement.
( 
Since we could do the same with F −1
T , we conclude that the map F T is a local diffeomorphism. A straightforward verification shows that F T is also a Poisson map between (Dom(F T )/A, {· , ·} Dom(F T )/A ) and (F T (Dom(F T ))/A, {· , ·} F T (Dom(F T ))/A ).
(iii) First of all notice that the elements of G A are finite compositions of Hamiltonian flows and therefore are local Poisson diffeomorphisms. This makes of A a Poisson distribution. As to its integrability, according to Theorem 2.2 we have to show that for any (F T , Dom(F T )) ∈ G A and any
(F T (m)). In order to establish this equality we take
(iv) It is a straightforward consequence of the fact, proved in (i), that A and G A commute. ✷ 
Von Neumann dual pairs
) is a dual pair or, equivalently, when the distributions A and (A ) are integrable and
In the presence of this condition we also talk of the von Neumann pair associated to A ⊂ P L (M). Remark 3.11. Von Neumann groups have connected and path connected orbits since the relation (3.9) implies that for any point m ∈ M, the orbit A · m coincides with G A · m which is a connected and path connected set.
Remark 3.12.
The terminology in the previous definition has been chosen according to the similarity of condition (3.9) with the von Neumann or double commutant relation for * -algebras of bounded operators on a Hilbert space.
Example 3.13 (Lie group canonical actions and the optimal momentum map).
Let G be a connected Lie group acting on the symplectic manifold (M, ω) in a free, proper, and canonical fashion via the map Φ : G × M → M. The term canonical means that for any g ∈ G we have that Φ * g ω = ω. We will for the time being also assume that it has an associated equivariant momentum map that we will denote by J : M → g * whose level sets are connected. The symbol A G ⊂ P(M) will denote the subgroup of P(M) defined by A G := {Φ g : M → M | g ∈ G} and π : M → M/G the surjective submersion obtained by projecting M onto the orbit space M/G = M/A G . A calculation that is left to the reader as an exercise (see [32] ) shows that in the presence of our hypotheses (free and proper canonical action with a momentum map) the polar distribution
is the restriction to g * J of the Lie-Poisson structure of g * . Given that for any m ∈ M we have that (ker T m J) ω = g · m, this diagram is a Lie-Weinstein pair with connected fibers and, by Example 3.7, a dual pair in our sense. We have thereby shown that the subgroup A G associated to a free canonical connected Lie group action that has a momentum map associated with connected fibers is von Neumann.
One of the main goals of Section 7 will be the study of A G in more realistic situations, namely when the G-action is not free anymore, as well as the search for situations in which the diagram
is still a dual pair despite the singularities in the problem. Recall that no matter how singular the G-action is, the right hand side leg of the previous diagram is always well defined since by Proposition 3.8 the distribution A G is always integrable. The projection π A G : M → M/A G will be referred to as the optimal momentum map associated to the canonical G-action on M and will be denoted by J : M → M/A G . The reader is encouraged to check with [32] for a detailed study of this object.
Remark 3.14. The previous example describes a situation where it is very easy to compare the notion of polarity used by Lie and Weinstein [19, 43] with ours. Suppose that the manifold M is symplectic with form ω and, for the sake of simplicity, the Lie group G is connected, acts properly on M, and has Lie algebra g. Let D G be the family of vector fields defined by the infinitesimal generators of the G-action on M, D G be the associated distribution, and A G ⊂ P(M) the corresponding Poisson diffeomorphism group. By definition, for any m ∈ M we have that
If we use the classical definition [19, 43] , the polar of A G , we will call it A
• ), which in general is not integrable.
We now compute the polar A G of A G according to our definition, using the fact, whose proof can be found in [28, 32] , that for any point m ∈ M with isotropy subgroup H := G m we have that:
The symbol ((T m (G · m))
• ) H denotes the set of fixed points by the action of H in the vector space
• or, more explicitly:
By definition A G is the distribution associated to the family of vector fields
As the G-action is proper, a standard result (see [1] ) guarantees that any G-invariant function defined on a G-invariant open subset of M admits an extension to a G-invariant function on M. This circumstance allows to simplify the definition of A G as follows
This distribution is always integrable. Notice that in the presence of symmetric points (that is H = {e}) the distributions A ⊥ G and A G are in general different, making the two notions of polarity not to be the same. We emphasize that even though when the situation is regular (meaning that the G-action is free) both notions coincide, in the singular case, the notion of polarity given in Definition 3.1 is preferable since it produces integrable distributions that can be used to define dual pairs.
Dual pairs and symplectic leaf correspondence
It is a well known fact that the symplectic leaves of the two Poisson manifolds in the legs of a LieWeinstein dual pair with connected fibers are in bijection. This result was introduced in [43] . See also the Appendix E of [2] for a fully detailed proof.
In this section we will see that the situation is analogous for the two Poisson varieties in the legs of the dual pairs introduced in Definition 3. (Dom(F t )) ) of M/A. We will say that ( F t , π A (Dom(F t )) ) is the Hamiltonian flow associated to h. The symplectic leaves of M/A will be defined as the accessible sets in this quotient by finite compositions of Hamiltonian flows. Since it is not clear how to define these flows by projection of A-equivariant flows when A is a pseudogroup of local transformations in P L (M), we will restrict in this section to the case A ⊂ P(M). does not fully characterize, in general, the flow F t since there could be other mappings for which such equality holds. This could be rephrased by saying that in the category in which we are working any function has a Hamiltonian flow associated but, unlike the smooth Poisson category, its uniqueness is not guaranteed. One result in this direction that can be easily proven by mimicking the results in p. 389 of [37] says that if the functions in
, then x = y) then any Hamiltonian function has a unique flow satisfying the relation (4.1).
Even though in Definition 4.1 we called L [m]
A a symplectic leaf, there is in general no natural way to define on this set a smooth structure and a symplectic form that would make it a symplectic manifold. Nevertheless, there is still something we can do to justify our notation. Indeed, if we consider the set L [m] A as a subvariety of M/A in the sense of Definition 2.11, the corresponding ring of smooth functions
} can be endowed with a natural Poisson algebra structure via a bracket {· , ·} L [m] A that we will describe later on. It turns out that if A has the extension property, the Poisson algebra
A ) is non-degenerate, which is the closest that we can get to being symplectic in this category; on other words, if we look at a smooth symplectic manifold (M, ω) from the point of view of its smooth functions and the Poisson bracket {· , ·} defined on them via the symplectic form, the symplecticity is reflected in the non degeneracy of the algebra (C ∞ (M), {· , ·}), which is exactly the property that we will prove for (
. We make these claims more explicit in the statement of the following proposition. 
Proof. In order to establish the first part of the Proposition it suffices to show that the bracket (4.2) is well defined or, more explicitly that its value does not depend on the extensions
A . Analogously, if we take another extension F of f we have that for
A is well defined. The rest of the defining properties of a Poisson bracket are a straightforward verification. We now assume that A has the extension property and show that the bracket {· ,
. Before we proceed, the reader should notice that the definition of symplectic leaf and part (ii) of Proposition 3.8 imply that
A . Now, since by hypothesis A has the extension property, any element F T ∈ G A can be written as a finite composition of Hamiltonian flows associated to functions in C ∞ (M) A (see Remark 3.2); for the sake of simplicity we take
the function uniquely determined by the equality g = G • π A , ( F t , π A (Dom(F t )) be the unique local Poisson diffeomorphism of M/A defined by the relation
With all these ingredients we have that 
which implies that f • F t ([m] A ) = f ([m] A ). As F t is arbitrary, we have that f (G
A · [m] A ) = f (L [m] A ) = f ([m]
Theorem 4.5 (Symplectic leaves correspondence). Let (M, {· , ·}) be a smooth Poisson manifold, A, B ⊂ P(M) be two subgroups of its Poisson diffeomorphism group, and G A , G B ⊂ P L (M) be the standard polar pseudogroups. If we denote by (M/A)/{· , ·} M/A and (M/B)/{· , ·} M/B the space of symplectic leaves of the Poisson varieties (M/A, {· , ·} M/A ) and (M/B, {· , ·} M/B ), respectively, we have that: (i) The symplectic leaves of M/A and M/B are given by the orbits of the G A and G B actions on M/A and M/B, respectively, as defined in Proposition 3.8. As a consequence of this statement, we can write that (4.3) (M/A)/{· , ·} M/A = (M/A)/G A and (M/B)/{· , ·} M/B = (M/B)/G B .
−→ (M/B, {· , ·} M/B ) is a dual pair then the map
(4.4) (M/A)/{· , ·} M/A → (M/B)/{· , ·} M/B L [m] A → L [m] B is a
Proof. (i)
It is a straightforward consequence of the definition of symplectic leaf and of the actions, spelled out in Proposition 3.8, of the standard polar pseudogroups on the quotients.
(ii) Given that by Proposition 3.8 A and G A (resp. B and G B ) commute, and using the duality hypothesis, we can write ( With these conventions and in view of (4.5) and (4.6) the bijective character of the map in the statement will be proved if we show that the map → (P 2 , {· , ·} P 2 ) in which the projections π 1 and π 2 are complete and have connected fibers are in bijection. We say that a smooth map T : P → Q between two Poisson manifolds P and Q is complete if for any function f ∈ C ∞ (Q) whose Hamiltonian vector field X f associated is complete, the vector field X f •T ∈ X(P ) is also complete. In our context this condition shows up when we put the Lie-Weinstein dual pair in our language by making the identifications P 1 M/G A c and P 2 M/G B c , with
4.5) (M/A)/{· , ·} M/A = (M/A)/G A (M/G A )/A = (M/B)/A, and the same relation for the subgroup B, that is, (4.6) (M/B)/{· , ·} M/B = (M/B)/G B (M/G B )/B = (M/A)/B.
In the previous expressions (M/B)/A and (M/A)/B should be understood as the orbit spaces of the
The subscript c in C ∞ c (P 1 ) and C ∞ c (P 2 ) denotes compactly supported functions. The completeness of the projections π 1 and π 2 ensures that G A c and G B c are subgroups of P(M), as required in the hypotheses of Theorem 4.5. A more ad hoc study of this particular dual pair using certain transversality properties of the submersions π 1 and π 2 shows that the completeness is not actually needed (see [2] ) in order to guarantee leaf correspondence.
Howe pairs and dual pairs Definition 5.1. Let (M, {· , ·}) be a Poisson manifold and A, B ⊂ P L (M) be two pseudosubgroups of its local Poisson diffeomorphism pseudogroup. We say that the diagram
is a Howe pair on (M, {· , ·}) if the following two conditions are satisfied at the same time:
The superscript c in the previous equalities means centralizer with respect to the algebra structure on C ∞ (M) given by the Poisson bracket on M. As in the case of the dual pairs, the Poisson manifold (M, {· , ·}) will be called the equivalence bimodule of the Howe pair.
Proposition 5.2. Let (M, {· , ·}) be a smooth Poisson manifold, A ⊂ P L (M), and A its dual. Then, if A has the extension property and A is integrable we have that
(5.3) π * A C ∞ (M/A) c = π * A C ∞ (M/A ), (5.4) π * A C ∞ (M/A ) c ⊃ π * A C ∞ (M/A).
Moreover, if A is von Neumann and A has the extension property then the diagram (M/A, {· , ·}
Proof. We first establish (5.3), which is equivalent to proving that (C
A an A-invariant function with associated Hamiltonian flow F t . Then, for any m ∈ M
) and therefore f • F t (m) = f (m).
Since the Ainvariant function g and the point m are arbitrary, and A has the extension property, we can conclude
c . Expression (5.4) can be obtained by taking centralizers on both sides of (5.3). Suppose now that A is von Neumann. In order to conclude that we have a Howe pair we just need to show that (π *
Since A has the extension property, any element F T ∈ G A can be written as the finite composition of locally defined flows F t associated to the Hamiltonian vector fields of A -invariant globally defined functions h ∈ C ∞ (M) A . Given that for any of those functions we have that {f, h} = 0, it is clear that f • F t = f | Dom(F t ) . Now, the von Neumann character of A implies that for any φ ∈ A and m ∈ M arbitrary, there exists
Corollary 5.3. Let (M, {· , ·}) be a smooth Poisson manifold and A, B ⊂ P L (M) be two pseudosubgroups of its local Poisson diffeomorphism pseudogroup P L (M) that have the extension property. If the diagram
(M/A, {· , ·} M/A ) π A ← (M, ω) π B
→ (M/B, {· , ·} M/B ) is a dual pair then it is also a Howe pair.
As a corollary to the previous result we can easily obtain the following well known fact:
is a Lie-Weinstein dual pair with connected fibers then it is a Howe pair.
Proof. It is a straightforward consequence of Example 3.7 where we saw that any Lie-Weinstein dual pair with connected fibers can be understood as a dual pair in our sense with respect to two pseudosubgroups G A , G B ⊂ P L (M). These pseudosubgroups have the extension property by Lemma 3.6 and hence the hypotheses of the previous corollary are satisfied in our case.
Even though Corollary 5.3 shows that in the presence of the extension property any dual pair is a Howe pair, the following example demonstrates that the converse is not, in general, true.
Example 5.5 (A Howe pair that is not a dual pair). Let (T
2 , ω) be the two torus thought of as a symplectic manifold with the form ω given by the standard area form. Consider a Poisson action of the additive group (R, +) on T 2 via an irrational flow. It is straightforward to check that the Poisson diffeomorphisms group A R ⊂ P(T 2 ) associated to this action generates a Howe pair
A R is made of constant functions the dual distribution A R is trivial and
A R . Nevertheless, the orbits of the A R -action are strictly contained inside the only leaf of the distribution A R , which implies that A R is not von Neumann and thereby does not generate a dual pair.
This example also shows that Howe's condition is not enough to ensure symplectic leaf correspondence. Indeed, the remarks in the preceding paragraph indicate that the Howe pair associated to A R is
−→ T 2 . Now, the right hand side leg of this pair has just one symplectic leaf (the entire two torus T 2 ) while, for the left hand side, every point in T 2 /A R is a symplectic leaf since C ∞ (T 2 /A R ) consists of constant functions.
Hamiltonian Poisson subgroups
In this section we will study the properties of the diagrams
induced by weakly and strongly Hamiltonian subgroups A ⊂ P(M). Since we are dealing with actual subgroups of P(M), Proposition 3.8 guarantees the integrability of the polar distribution A which we will not need to put as a hypothesis.
In Example 5.5 we identified a weakly Hamiltonian subgroup that induced a Howe pair. In our first result in this section, Proposition 6.1, we will show that this is not a coincidence since any weakly Hamiltonian subgroup endowed with the extension property always has a Howe pair associated. We also saw in that example that the (weak) Hamiltonian condition is not sufficient to generate a dual pair; in Proposition 6.2 we will show that if we add to the Hamiltonian hypothesis the property of separation A-orbits then we are guaranteed to obtain a dual pair.
Proposition 6.1. Let (M, {· , ·}) be a Poisson manifold and A ⊂ P(M) be a weakly Hamiltonian subgroup of its Poisson diffeomorphism group. If A has the extension property then the diagram
Proof. By Proposition 3.8 the polar distribution A is always integrable in this case. The conclusions of Proposition 5.2 show that we just need to prove that (π *
Hence, let φ ∈ A and m ∈ M arbitrary. Since, by hypothesis, the group A is weakly Hamiltonian, φ(m) can be written as φ(m) = F 
As we can reproduce this process for any φ ∈ A and m ∈ M we have that A is (strongly or weakly) Proof. (i) Let φ ∈ A be arbitrary. Since A is strongly (resp. weakly) Hamiltonian, φ (resp. φ(m) for any m ∈ M) can be written as φ = F 
Proposition 6.2. Let (M, {· , ·}) be a Poisson manifold and A ⊂ P(M) be a subgroup of its Poisson diffeomorphism group. (i) If A is strongly (resp. weakly) Hamiltonian and has the extension property, then
(ii) Any element in F T ∈ G A can be written as a finite composition of Hamiltonian flows 
Dual pairs induced by canonical Lie group actions
In this section we will analyze under what circumstances we can construct von Neumann and Howe pairs using the subgroups A G := {Φ g | g ∈ G} of the Poisson diffeomorphism group P(M) associated to the canonical action Φ : G × M → M of a Lie group G on a Poisson manifold (M, {· , ·}). Recall that in this setup, as we already mentioned in Example 3.13, the polar distribution A G is always integrable (Proposition 3.8) and the projection onto the corresponding leaf space J : M → M/A G is referred to as the optimal momentum map. The reason behind this denomination is (see [32] for the details) that the Hamiltonian flow F t associated to any
Moreover, by construction, the level sets of this map are the smallest submanifolds of M preserved by G-equivariant Hamiltonian flows on M. Also, the map J is universal in the category of the momentum maps that can be associated to the G-symmetry of (M, {· , ·}) [32] .
Properness, Hamiltonian actions, and dual pairs
An action Φ : G × M → M of a Lie group G on a manifold M is said to be proper if the following condition is satisfied: given two convergent sequences, {m n } and {g n · m n } in M, there exists a convergent subsequence {g n k } in G. The following proposition is a summary of well known facts about proper actions that we will use in the sequel. The reader is encouraged to check with [1, 5] for proofs. 
Theorem 7.2. Let G be a Lie group acting canonically and properly on the Poisson manifold
(M, {· , ·}) via the map Φ : G × M → M. Let A G ⊂ P(M) be the subgroup of P(M) defined by A G := {Φ g : M → M | g ∈ G}
Hamiltonian then it is von Neumann and therefore the diagram
Proof. It is a straightforward consequence of Propositions 6.2 and 7.1. ✷
Corollary 7.3. In the same setup as in the previous theorem, if A G is (strongly or weakly) Hamiltonian then, the G-orbits are connected and path connected.
Proof. The condition on A G being Hamiltonian implies via the previous theorem that A G is von Neumann and therefore, for any m ∈ M the orbit G · m equals G A · m which is connected and path connected. ✷ Theorem 7.2 shows that properness in a canonical G-action is a condition that added to the Hamiltonian character is sufficient to ensure that the corresponding transformation group A G ⊂ P(M) is von Neumann. However, as the following example shows, this condition is not necessary.
Example 7.4 (The coadjoint action produces von Neumann subgroups of P(g * ))
. Let G be a connected Lie group, g its Lie algebra, and g * its dual. Let {· , ·} be the +− Lie-Poisson bracket that makes g * into a Poisson manifold. More specifically, for any f, h ∈ C ∞ (g * ) and µ ∈ g * , we define
where the symbol · , · denotes the natural pairing of g * with g and the elements δf δµ , δh δµ ∈ g are determined by the expressions
for all ρ ∈ g * . Given that for any f ∈ C ∞ (g * ), g ∈ G, and µ ∈ g * we have that
it can be readily verified that coadjoint action of G on g * is canonical and has the identity as standard momentum map associated. Also, for any f ∈ C ∞ (g * ) and µ ∈ g * X f (µ) = −ad * δf δµ µ.
We now check that A G is von Neumann. Let µ ∈ g * be arbitrary and U ⊂ g * be an open G-invariant neighborhood of the coadjoint orbit of the element µ. Let f ∈ C ∞ (U ) G . Then for any ξ ∈ g and ρ ∈ U we have that
where the last equality follows from the G-invariance of the function f . This computation shows that A G (µ) = {0} for all µ ∈ g * . The connectedness of the group G automatically implies that A G = A G and therefore A G is von Neumann.
The symplectic leaf correspondence for the legs of the diagram g * /G ← g * → g * guaranteed in this case by Theorem 4.5 is a restatement of the well known fact that the symplectic leaves of (g * , {· , ·}) are the coadjoint orbits.
Compact connected Lie group symplectic actions and von Neumann subgroups of P(M)
Definition 7.5. Let G be a compact connected Lie group with Lie algebra g acting canonically on the symplectic manifold (M, ω) via the map Φ :
Let ξ ∈ g and T (ξ) be the torus defined by T (ξ) := {exp tξ | t ∈ R}. We will say that the element ξ has a coisotropic torus associated when the orbits of the T (ξ)-action on M are coisotropic. Proof. Since the action of any compact group is always proper, according to Theorem 7.2, it suffices to prove that A G is weakly Hamiltonian, which will be a consequence of the following lemma: Proof. Let ξ M ∈ X(M) be the vector field that assigns to any point m ∈ M, the infinitesimal generator at m associated to the element ξ ∈ g. The canonical character of the action implies that
Theorem 7.6. Let G be a compact connected Lie group with Lie algebra g acting canonically on the symplectic manifold (M, ω) via the map
that is, the one form α := i ξ M ω is closed. Consider now the subsets of G defined by K := {exp tξ | t ∈ R} and T (ξ) := K, where the bar over K means closure. As we already pointed out subset T (ξ) is a closed connected Abelian subgroup of G and therefore a torus. Notice that for any m ∈ M we have that T (ξ) · m ⊂ K · m; indeed, if t · m ∈ T (ξ) · m, there exists a sequence {k n } ⊂ K of elements in K such that k n → t, which implies that k n · m → t · m and therefore t · m ∈ K · m. Hence, since the restriction α| K·m = 0 we have that α| K·m = 0, and therefore α| T (ξ)·m = 0. By the Relative Poincaré Lemma (see for instance Corollary 7.5 in p. 362 of [20] ) there exists a neighborhood U of T (ξ) · m, which by the compactness of T (ξ) can be chosen T (ξ)-invariant, and a function h ∈ C ∞ (U ) such that dh| U = α| U . This statement amounts to saying that the function h ∈ C ∞ (U ) is a momentum map for the canonical action of K on the symplectic manifold (U, ω| U ). Now, by shrinking U if necessary and using the hypothesis on the coisotropic character of the torus T (ξ), we can represent U by a normal form coordinate chart around the point m similar to the ones introduced in Appendix A (Theorem A.1), that is, we can assume without loss of generality that
where m is a Ad T (ξ) m -invariant complement to the Lie algebra Lie( 
Notice that Φ is zero off the open T (ξ)-invariant set U and therefore it can be trivially extended to a T (ξ)-invariant function, we will call it equally Φ ∈ C ∞ (M) T (ξ) , on the entire space. The reconstruction equations (A.5)-(A.7) applied to Φ (use the Abelian character of T (ξ)) imply that the Hamiltonian vector field X Φ equals
Consequently, if F t is the flow of the vector field X f , it is clear that exp ξ · m = F 1 (m). In order to finish the proof we just need to show that f ∈ (C ∞ (M) A G ) c . This is indeed so because for any G-invariant
We conclude the proof of the theorem by noting that since the group G is compact and connected, any element g ∈ G can be written as g = hlh −1 , with l ∈ T. As T is Abelian and connected, there exist real numbers t 1 , . . . , t k such that l = exp t 1 ξ 1 · · · exp t k ξ k . Hence, for any m ∈ M we can write
A straightforward computation shows that T (Ad h (ξ i )) = hT (ξ i )h −1 and that, as a consequence, the coisotropy of the torus T (ξ i ) implies that of T (Ad h (ξ i )) . Therefore, by the previous lemma we have that g · m = F 
The reader may be wondering if the coisotropy hypothesis in the statement of Theorem 7.6 is not just a technical requirement that appears in the proof of Lemma 7.7 and that could be eliminated by using different techniques in the proof. The following example, that I owe to J. Montaldi and T. Tokieda, shows that this is not the case, that is, in the absence of additional hypotheses, compactness and connectedness in the Lie group G associated to a symplectic action do not suffice to ensure that the corresponding transformation group A G is von Neumann. Notice that this example shows that the polar of a regular integrable distribution even though it is integrable, it is not, in general, regular. More specifically, even though the projection π A S 1 : M → M/A S 1 is a surjective submersion, this is not true in the case of π A
Example 7.8 (A compact and connected canonical group action that is not von Neumann
S 1 : M → M/A S 1 .
Tubewise Hamiltonian actions and dual pairs
In Appendix A (Section A.3) the reader can find an in depth study of the conditions under which the proper canonical action of a connected Lie group G on a symplectic manifold (M, ω) is strongly tubewise Hamiltonian. More specifically, in that section it is explained how under some circumstances, for any point m ∈ M there is an open G-invariant neighborhood of its orbit such that the restriction of the G-action to this neighborhood has a standard momentum map associated, thus implying that the action is strongly tubewise Hamiltonian. The question that we will try to answer in this section is the following: is there any situation where the strongly tubewise Hamiltonian condition implies that the action is weakly Hamiltonian and therefore induces a dual pair? The following result provides some answers to this question. Proof. We will show that in the presence of our hypotheses a conclusion similar to that of Lemma 7.7 holds, that is, we will see that for any ξ ∈ g and any m ∈ M, there exists a function f 
Notice that Φ is zero off the open G-invariant set U and therefore can be trivially extended to a G-invariant function, we will call it equally Φ ∈ C ∞ (M) G , on the entire space. The reconstruction equations (A.5)-(A.7) applied to Φ imply that the Hamiltonian vector field X Φ equals
Indeed, the hypothesis on the existence of a Ad(K m )-invariant complement to k m in g implies that the map F in (A.4) reduces to F (ξ, λ, τ ) = P q * (ad * τ λ) + τ, · q , whose unique solution for τ is τ ≡ 0. This implies that the map ψ ≡ 0 and, given that by hypothesis the Lie algebra k m is Abelian, the reconstruction equation (A.6) vanishes, thus justifying (7.1).
for any z ∈ N . Consequently, if F t is the flow of the vector field X f , it is clear that exp ξ · m = F 1 (m). In order to finish the proof we just need to show that f ∈ (C ∞ (M) A G ) c . This is indeed so because for any G-invariant
Complete polar distributions and symplectic leaf correspondence
In this section we will show that the polar distribution A G relative to the proper and canonical action of a Lie group G on a symplectic manifold is complete (see Definition 2.4). Therefore the quotient space M/A G can be written as the orbit space M/G A c relative to the action on M of a subgroup G A c ⊂ P(M) that we will construct later on by finding a completion A c of the standard polar family A G . This goal, that in principle seems rather technical, gains importance when we recall the definition of the symplectic leaves (Definition 4.1) and the Symplectic Leaf Correspondence Theorem (Theorem 4.5) where we saw that all these ideas are well behaved when we deal with the quotients of M by genuine subgroups of P(M).
As a corollary we will obtain a correspondence between the symplectic leaves of the two legs of the Proof. The main tool in the proof will be the reconstruction equations presented in Appendix A.2, hence the reader interested in the presentation that follows is encouraged to make a forward excursion to that section in order to get acquainted with the notation that we will use in the following paragraphs without much explanation.
Let m ∈ M be an arbitrary point. 
The vector field X G is therefore complete which proves that X h is a complete vector field on Y r . Also, since φ is a symplectic map, the vector field Then, the map 
where i K : K → M denotes the natural inclusion. In my forthcoming paper [29] I will show that the symplectic leaves in the von Neumann pairs studied in this section can be, under certain hypotheses, be endowed with actual smooth structures that make them into real symplectic manifolds related by an equality identical to (7.2). (X h (g, ρ, v) + X m (g, ρ, v) + X q (g, ρ, v)) , with X h , X m , and X q , locally defined smooth maps on Y r with values in h, m, and q, respectively. In what follows we give the expressions that determine X G , X m * , and X V m as a function of the differential of the Hamiltonian h.
First, the construction of q as a complement to k guarantees that the bilinear pairing · , · q in q defined by ξ, η q := ω(m)(ξ M (m), η M (m)) is non-degenerate. Let P h * , P m * , and P q * denote the projections from g * onto h * , m * , and q * , respectively, according to the Ad * H -invariant splitting g * = h * ⊕ m * ⊕ q * . The non degeneracy of · , · q implies that the mapping With these expressions at hand it can be verified [31] that X h is given by 
A.3. Tubewise Hamiltonian actions
In the following paragraphs we will see how the normal form introduced in Appendix A.1 helps us determining, in the framework of proper canonical actions, when such an action is tubewise Hamiltonian. In order to be more specific, recall that by Theorem A.1, any G-orbit of a symplectic G-space, (M, ω) has an invariant neighborhood around it that can be modeled by an associated bundle like the one presented in (A.3). Consequently, we can conclude that the canonical proper G-action on (M, ω) is strongly (resp. weakly) tubewise Hamiltonian if the G-action on each G-invariant coordinate patch (A.3) is strongly (resp. weakly) Hamiltonian. The following result provides a sufficient condition regarding the strong case whose proof can be found in [31] . 
